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ABSTRACT: Electrostatic interactions between two charged dielectric objects
highly depend on their surface charge. Most existing studies assume constant surface
charge densities between the two interacting objects regardless of the separation
distance between them. The surface charge of a spherical silica nanoparticle
interacting with a ﬂat silica plate is investigated numerically as a function of the
separation distance normalized with the electrical double layer thickness (κh), pH,
and background salt concentration. The numerical model employs Poisson−
Nernst−Planck equations for ionic mass transport and considers surface charge
regulation in the presence of multiple ionic species. Relatively weak interactions
between the nanoparticle and the plate are observed for κh ≫ 1, resulting in uniform
surface charge densities. Because of curvature, the surface charge density of the
nanoparticle is higher than that of the plate. Strong interactions are observed for κh
≤ 1, leading to spatially nonuniform surface charge densities on the nanoparticle and
the plate. This eﬀect increases with decreased separation distance (κh). Enhanced
proton concentration in the gap between the particle and the plate leads to reduced surface charge densities on the two objects.
in enriched cations such as H+ ions in the interaction region
between them. This generates a spatially nonuniform ionic
concentration of cations around the interacting objects, yielding
nonuniform surface charge properties of the two interacting
objects. However, many existing studies assumed that the
surface charge properties of two interacting objects remain at
their bulk values. For example, the surface charge properties of
two interacting objects are assumed to be constants in the wellknown Derjaguin−Landau−Verwey−Overbeek (DLVO)
theory,19−23 which has been widely used to ﬁt the measured
interaction forces versus separation distances and to estimate
the charge properties of two interacting objects.24−48 Nanoparticles translocating through charged nanopores are commonly observed in nanopore biosensing applications. Most
such investigations assume constant surface charges on the
nanoparticle and the nanopore.49,50 Because the EDLs are
signiﬁcantly overlapped in the nanopore, local ionic concentration around the bioparticle and the nanopore can be
dramatically diﬀerent from the conditions when the bioparticle
is absent.
The objective of this study is to investigate the variation of
the surface charge properties of two interacting silica objects as
a function of their normalized separation distance (κh) under
various pH and salt concentration. Because the silica nanoparticles have been widely used in colloidal science,
biomolecular transport, and drug delivery44,46,51−59 and because
many nanoﬂuidic devices (e.g., nanopores and nanochannels)
are made of silica,60−62 we investigate the charge properties of a

1. INTRODUCTION
Surface charge property of an object in contact with an aqueous
solution plays a very important role in the applications of
surface science, colloidal science, and electrokinetic transport.
For example, electrokinetic transport of ions, ﬂuid, and particles
within nanoﬂuidic devices highly depend on the surface charge
densities of the channel wall and the nanoparticles.1−3 Many
(bio)particles such as DNA,4−8 proteins,9−12 biological
molecules,13,14 and synthetic particles are separated on the
basis of their charge diﬀerences. Dispersion stability of colloids
depends on the charge properties of the colloids, and typically,
highly charged colloids are more stable. Cellular uptake of
nanoparticles is also aﬀected by the nanoparticle’s size and
charge. Electrostatic interactions between two objects immersed in an aqueous solution also highly depend on their
charge properties.
Surface charge forms as a result of dissociation of ionizable
groups or adsorption/reaction of ions at the interface, when an
object is in contact with an electrolyte solution.15 Because the
surface reactions including adsorption of ions and protonation/
deprotonation depends on the local ionic environment (e.g.,
local pH and salt concentrations) at the interface, typically the
surface charge of an object is not a material property and
depends on the local solution properties such as pH, ionic
species, and their local concentrations.16−18 When two charged
objects are close to each other, the electrical double layers
(EDLs) of the two interacting objects will overlap. Therefore,
the local solution properties such as ionic concentrations in the
gap between the two interacting objects are diﬀerent from
those when the two objects are suﬃciently away from each
other. For example, when two negatively charged objects are
very close, their EDLs with dominant cations overlap, resulting
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Figure 1. Schematics of a spherical silica nanoparticle interacting with a ﬂat silica plate immersed in an electrolyte solution containing K+, H+, Cl−,
and OH− ionic species.

silica nanoparticle interacting with a silica ﬂat surface. In
contrast to most previous studies which neglected the surface
chemistry, we analyze the eﬀects of local pH and salt
concentrations on the surface charge using a multi-ion charge
regulation model.24,63,64

concentration polarization arising from the EDL compression
by the nanoparticle and the plate is taken into account in this
study.
To solve the coupled eqs 1 and 2, appropriate boundary
conditions are required. Along the axis (i.e., r = 0), axial
symmetry boundary conditions for electric potential and for
each ionic concentration are applied. Far away from the
charged nanoparticle and plate (e.g., dashed line AB in Figure
1), we assume that the ionic concentration of each species
maintains its bulk concentration, ci = Ci0, for i = 1, ..., 4. On the
basis of the electroneutrality condition, the bulk concentration
for each species is

2. MATHEMATICAL MODEL
We consider a spherical silica nanoparticle of radius Rp located
above a ﬂat silica surface which is immersed inside an
electrolyte solution containing N type of ionic species as
shown in Figure 1. The separation distance between the bottom
pole of the particle and the ﬂat surface is h. We assume that the
electrolyte solution includes background salt KCl with a bulk
concentration of CKCl, and its acidic and basic solution
properties are adjusted by HCl and KOH solutions. Therefore,
there are four ionic species, K+, H+, Cl−, and OH−, in the
solution.
Because of the axial symmetry, symmetric cylindrical
coordinate system (r, z) with the origin ﬁxed at the center of
the ﬂat wall surface is adopted in this study. The electrostatics
and ionic mass transport are governed by the steady-state
Poisson−Nernst−Planck (PNP) equations:

C10 = 10−pH + 3

C20 = C KCl

i=1

C30 = C KCl + C10 − C40

(3)

when
(4)

and
C20 = C KCl + C10 − C40
pH > 7.

and

C30 = C KCl

when
(5)

On the rigid surfaces of the nanoparticle and plate, normal ionic
ﬂux for each species is zero, n·Ni = 0 (i = 1, ..., 4). For the
electrical potential, ϕ = 0 is imposed far away from the charged
surfaces. On charged surfaces of nanoparticle and plate, surface
charge density boundary condition, −ε0εf·n·▽ϕ = σw, is
imposed. In contrast to the existing studies using a constant
surface charge density regardless of the separation distance
between the particle and the plate, in the present work, the
surface charge densities of the silica nanoparticle and the plate
are determined from the protonation/deprotonation surface
reactions of silanol functional groups.63 Since the characteristic
time scale for the protonation/deprotonation process is very
short and the relaxation time for electrostatic interaction
between ions is about 10−13∼10−14 seconds,65−67 only steadystate ionic mass transport and surface chemical reactions are
considered in this study. We assume that the following two
protonation reactions of singly Si-coordinated sites with
equilibrium constants KA and KB occur:

(1)

and
⎛
⎞
D
∇·Ni = ∇·⎜ −Di∇ci − zi i Fci∇ϕ⎟ = 0
⎝
⎠
RT
(i = 1, ..., 4)

and

C40 = 10−(14 − pH) + 3

pH ≤ 7

4

−ε0εf ∇2 ϕ = ρe = F ∑ zici

and

(2)

In the above, ϕ is the electric potential inside the electrolyte
solution; ci, zi, and Di are, respectively, the molar concentration,
valence, and diﬀusion coeﬃcient of the ith ionic species (i = 1
for H+; i = 2 for K+; i = 3 for Cl−; and i = 4 for OH−); F is the
Faraday constant; R is the universal gas constant; T is the ﬂuid
temperature; ε0 is the permittivity of the vacuum; εf is the
relative permittivity of the electrolyte solution; and ρ e
represents the space surface charge density inside the
electrolyte solution. Because of the use of the PNP equations,
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Figure 2. Surface charge densities of (a) silica nanoparticle and (b) a planar silica plate as a function of pH of the electrolyte solution. Circles and
line in a represent, respectively, the experimental data from Sonnefeld et al.69 and the numerical results. Circles and line in b represent, respectively,
the numerical results and the analytical results derived by Yeh et al.63

Figure 3. Distribution of the electric potential around the nanoparticle interacting with a ﬂat surface at diﬀerent κh and pH. Color bars denote the
electric potential in volts.

SiOH ↔ SiO− + H+

On the basis on eqs 8 and 10, the surface charge density on the
nanoparticle and the plate can be expressed as

(6)

and
SiOH + H+ ↔ SiOH+2

(7)

σw = −FNtotal

The equilibrium constants are calculated as
KA =

NSiO−[H+]s
NSiOH

and

KB =

(8)

In the above, NSiOH, NSiO−, and NSiOH2+ are the surface site
densities of SiOH, SiO−, and SiOH2+, respectively. [H+]s is the
concentration of H+ ions at the solid/liquid interface. The
eﬀects of the Stern layer on determination of surface charge
property are neglected in the current work. The total number
site density of silanol functional groups on the solid/liquid
interface is
Ntotal = NSiOH + NSiO− + NSiOH+2

2

KA + [H+]s + KB[H+]s

2

(10)

[H+]s in eq 10 is the proton concentration on the surface of the
particle and plate. Although both are made of the same material
with the same Ntotal, KA, and KB, their surface charge densities
might be diﬀerent if their local proton concentrations are
diﬀerent. Equation 10 also clearly shows that the surface charge
density is not a material property that is due to its dependence
on the local proton concentration.

NSiOH+2
NSiOH[H+]s

KA − KB[H+]s

3. NUMERICAL IMPLEMENTATION AND CODE
VALIDATION
The PNP equations are numerically solved using a commercial
ﬁnite-element package COMSOL Multiphysics (www.comsol.

(9)
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Figure 4. Surface charge densities along the nanoparticle surface (lines without symbols) and the ﬂat plate (lines with symbols) at pH = (a) 4, (b)
5.5, and (c) 9.

Figure 5. Spatial variation of the normalized surface charge density on (a) nanoparticle and (b) ﬂat plate for diﬀerent κh values and ﬁxed pH = 5.5.

contact with a semi-inﬁnite electrolyte solution. Analytical
solution for the surface charge density of a planar surface has
been recently derived by Yeh et al.63 Figure 2b depicts the
surface charge density of a planar surface as a function of pH for
bulk salt concentration CKCl = 100 mM. The numerical results
(red circles) are in good agreement with the analytical results
(solid line). Clearly, the surface charge density increases with
increased pH of the solution.

com) operating in a high-performance cluster. Finer mesh is
used around the surfaces of charged nanoparticle and plate and
in the gap between the particle and the plate. Relatively coarse
mesh is used in regions far away from the charged surfaces. In
the simulations, the far ﬁeld boundary (e.g., dashed line AB in
Figure 1) is set as RD = 50Rp, which is suﬃciently large, and the
results do not change as RD further increases. Through
systematic studies of mesh reﬁnements, mesh independent
results are established using about 300 000 Lagrange-quadratic
elements in the domain.
Physical parameters used in the simulations are ε0εf = 7.08 ×
10−10 F/m, R = 8.31 J/(K·mol), F = 96 490 C/mol, T = 300 K,
Ntotal = 4.816 sites/nm2, pKA = −log KA = 7.0, and pKB = −log
KB = 1.9. The diﬀusivities of H+, K+, Cl−, and OH− ions are,
respectively, 9.31 × 10−9, 1.96 × 10−9, 2.03 × 10−9, and 5.30 ×
10−9 m2/s.68 The particle radius is Rp = 10 nm, and the
separation distance between the particle’s bottom pole and the
ﬂat surface is kept constant for all simulation cases at h = 5 nm,
and the degree of interaction is adjusted by varying the bulk salt
concentration CKCl in the range of 1 −100 mM. The EDL
thickness is calculated using κ −1 = λ D = (ε 0 ε f RT/
∑4i=1F2z2i Ci0)1/2, and the results are presented as a function of
normalized separation distance κh. The pH of the aqueous
solution is adjusted by using H+ or OH− ionic species in the
range of 4−10.
For code validation purposes, we simulated the surface
charge density of a spherical silica nanoparticle of Rp = 58 nm
immersed in an inﬁnite electrolyte medium without the plate.
The obtained results illustrated in Figure 2a show good
agreement with the experimental data obtained by Sonnefeld et
al.69 for bulk salt concentration CKCl = 100 mM, Ntotal = 2.1
sites/nm2, pKA = 6.38, and pKB = 1.87. Therefore, the charge
regulation model for the surface charge density captures the
underlying physics. We also modeled a ﬂat silica surface in

4. RESULTS AND DISCUSSION
4.1. Salt Concentration Eﬀect. When the interaction
between the particle and the plate is very weak, which occurs
when the separation distance is much larger than the EDL
thickness (i.e., κh ≫ 1), the surface charge density along the
surface of the particle (plate) is spatially uniform. Because of
the curvature eﬀect, the surface charge density of the
nanoparticle is diﬀerent from that of the plate. We denote
the surface charge densities of the particle and the plate under
the condition of no interaction as σp∞ and σw∞, respectively.
The electrostatic interaction between the particle and the
plate increases as κh decreases. Figure 3 depicts the electric
potential distribution around the nanoparticle and the
interacting plate for diﬀerent pH and κh values. The EDLs
are not overlapped for κh = 5; therefore, the electric potential
along the surface of the particle and the plate is spatially
uniform. As κh decreases, the degree of EDL overlap increases.
EDLs are slightly overlapped in the gap for κh = 1.6, and the
magnitude of the electrical potential in the gap region between
the particle and the plate is higher than that located far away
from the interaction region. EDLs are signiﬁcantly overlapped
for κh = 0.5, resulting in a larger interaction region with an
enhanced electric potential. Obviously, the electric potential
around the particle (plate) becomes signiﬁcantly nonuniform
for κh ≤ 1 because of serious EDL overlapping. On the particle
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Figure 6. Spatial distribution of H+ ion concentration (in mM) near the nanoparticle for diﬀerent κh values and pH = 5.5.

Figure 7. (a) H+ ion concentration on the particle’s top pole (square with dashed line) and on the particle’s bottom pole (circle with solid line). (b)
H+ ion concentration on the plate at r = 0 (solid line with circles) and r → ∞ (square with dashed line).

of the nanoparticle. The surface charge density on the plate at r
= 0 is about 78% of the noninteracting region. Therefore, the
assumption of constant surface charge densities of two
interacting objects used in previous studies is inappropriate.50,70The normalized surface charge density increases on the
particle’s surface from the bottom toward the top pole. As κh
increases, the interaction region decreases; therefore, the region
with normalized surface charge density smaller than 1 shrinks.
For κh = 5, only a small portion of the particle and only a small
portion of the plate have very weak interaction, and their
normalized surface charge densities are slightly smaller than 1
as shown in Figure 5.
The signiﬁcant reduction of the surface charge densities of
the particle and the plate is attributed to the signiﬁcant
enrichment of positive ions in the interaction region. Under the
considered conditions, both the nanoparticle and the plate are
negatively charged. Counterions, (K+ and H+), are accumulated
within each EDL, and co-ions, Cl− and OH−, are depleted.
Figure 6 depicts the spatial distribution of the concentration of
H+ ions near the nanoparticle for pH = 5.5 at diﬀerent κh
values. The variation of κh is achieved by adjusting the bulk
concentration of the background salt, CKCl. Figure 6 shows that
the concentration of H+ ions is signiﬁcantly enhanced as κh
decreases. The enriched positive ions decrease the negatively
charged SiO− dissociated from the functional groups SiOH,
yielding lower negative surface charge density in the interaction
region.71,72 Figure 7a depicts ionic concentration of H+ ions at
the bottom (solid line) and top (dashed line) poles of the
particle as a function of κh when the pH level is 6.5. Because
the increase in κh is achieved by increasing the bulk salt
concentration, CKCl, the concentration of K+ ions also increases
with an increase in κh. The increased K+ ions in the EDL of the
nanoparticle repel H+ ions, resulting in a decrease in the
concentration of H+ inside the EDL. At the top pole of the

surface, the highest potential occurs at the bottom pole of the
particle, where the strongest interaction occurs, and the lowest
potential occurs at the top pole which has the weakest
interaction with the bottom ﬂat plate. The potential diﬀerence
between the bottom and top poles of the spherical particle
increases as κh decreases for all pH values.
Figure 4 depicts the surface charge densities along the arc
length of the particle surface starting from the bottom pole to
the top pole (lines without symbols) and along the ﬂat surface
(lines with symbols) under the conditions of Figure 3. Under
any given condition, the surface charge density of the
nanoparticle is typically a little bit higher than that of the
plate, and this is attributed to the curvature eﬀect.64 Under the
condition of serious EDL overlap (i.e., κh = 0.5), the surface
charge densities of the particle and the plate become spatially
nonuniform. The magnitude of the surface charge density in the
interacting region is typically lower than that far away from the
interaction region. As κh increases, the degree of the
nonuniform distribution of the surface charge density decreases.
In addition, the surface charge densities of the particle and the
plate increase with an increase in κh. To further clearly show
the variation of the charge density along the particle and the
plate, Figure 5 illustrates the spatial distributions of the surface
charge densities along the arc length of (a) the particle surface
and (b) the plate normalized by the corresponding surface
charge densities for κh → ∞. In the absence of interaction, the
normalized surface charge density is 1. Because the top pole of
the spherical particle has very weak interaction with the bottom
plate under the considered conditions, the normalized surface
charge density at the top pole is 1. However, the normalized
surface charge density at the bottom pole signiﬁcantly deviates
from 1, especially when the EDLs are signiﬁcantly overlapped.
For example, at κh = 0.5, the surface charge density at the
bottom pole of the sphere is about 62% of that at the top pole
10931
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interaction region is dramatically reduced when the EDLs are
signiﬁcantly overlapped. In this section, the eﬀect of pH on the
surface charge density of the particle interacting with the plate
is investigated at ﬁxed κh = 0.5, 1.6, and 5 where the
corresponding bulk salt concentrations are 1, 10, and 100 mM,
respectively.
Figure 9a depicts the surface charge density at the bottom
pole of the particle as a function of pH at κh = 0.5, 1.6, and 5.
At ﬁxed κh, the negative surface charge density increases with
an increase in pH. This is expected since the bulk concentration
of H+ ions decreases as pH increases, leading to more SiO−
functional groups dissociated from SiOH. Figure 9b depicts the
surface charge density at the bottom pole of the particle
normalized by that for κh → ∞. At κh = 5, the normalized
surface charge density is close to 1 because of very weak
interaction. However, for κh = 1.6 and 0.5, because of strong
interaction, the normalized surface charge density is below 1.
The normalized surface charge ﬁrst decreases as pH increases,
attains the minimum at a critical pH, and then increases when
pH exceeds the critical value. The variation of the normalized
surface charge density with pH can be explained by the
variation of the surface concentration of proton under the
considered conditions. Figure 10 depicts the concentration of

nanoparticle, which almost has no interaction with the plate,
the concentration of H+ ions decreases as κh increases, and this
is attributed to the depletion of H+ ions by the increased K+
ions. When κh ≤ 2, the concentration of H+ ions at the bottom
pole is much higher than that at the top pole, which is due to
the enriched positive ions in the interaction region by EDL
overlap. As κh increases, the degree of EDL overlap decreases,
and the diﬀerence between the proton concentrations at the
bottom and top poles decreases. Figure 7b shows the
concentration of H+ ions on the plate at the origin (solid
line) and far away from the interaction region (dashed line).
Similarly, the proton concentration at the origin where the
strongest interaction occurs signiﬁcantly increases because of
the EDLs overlapping. On the basis of the protonation/
deprotonation reactions, the surface charge density is inversely
proportional to the local concentration of H+ ions; the enriched
H+ ions in the interaction region arising from the overlapped
EDLs lead to lower surface charge density in the interaction
region as shown in Figures 4 and 5.
Figure 8 shows the ratio of the surface charge density
diﬀerence at the top and bottom poles to the surface charge

Figure 8. Ratio of the surface charge density diﬀerence at the top and
bottom poles of the particle to the surface charge density at the top
pole as a function of κh for diﬀerent pH values.

Figure 10. Concentration of H+ ions at the bottom pole of the particle
normalized by that at κh → ∞ as a function of pH for diﬀerent κh
values.

density at the top pole, (σpT − σpb)/σpT, as a function of κh at
pH = 4, 5.5, and 9. At each pH, the surface charge density
diﬀerence at the top and bottom poles of the particle decreases
as κh increases. As κh exceeds a certain critical value, the surface
charge density diﬀerence vanishes, and the surface charge
density is uniformly distributed along the particle surface. At
the same κh, the relative surface charge diﬀerence at pH = 5.5 is
higher than that at pH = 4 and 9, which will be explained in the
following section.
4.2. pH Eﬀect. Previous results clearly show that the surface
charge properties of two interacting objects vary with the
degree of their interaction, and the surface charge density in the

H+ ions at the bottom pole normalized by that for κh → ∞ at
the same conditions of Figure 9. The normalized surface
concentration of H+ ions increases with an increase in pH when
the latter is relatively low, attains a maximum at a critical pH,
and then decreases as pH further increases. As pH increases,
the bulk concentration of H+ ions decreases, leading to a
decrease in the surface concentration of H+ ions. However, the
negative surface charge density increases as pH increases, which
attracts more H+ ions to the negatively charged surface,
resulting in an increase in the surface concentration of H+ ions.

Figure 9. (a) Surface charge density at the bottom pole of the nanoparticle as a function of pH for κh = 0.5, 1.6, and 5. (b) Surface charge density on
the bottom pole of the nanoparticle normalized by that at κh → ∞ as a function of pH for three diﬀerent κh values.
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The variation of the surface concentration of H+ ions with pH
is the net result of the two competitions. When pH is relatively
low, because the bulk concentration of H+ ions is not very low,
the increased negative charge attracts a lot of H+ ions into the
overlapped EDLs, resulting in an increase in the concentration
of H+ ions in the interaction region. However, at relatively high
pH, the bulk concentration of K+ ions becomes signiﬁcantly
higher than that of H+ ions; therefore, more K+ ions than H+
ions will be accumulated in the overlapped EDLs. The enriched
K+ ions will also deplete H+ ions leading to a decrease in H+
ions inside the EDL. Therefore, the local concentration of H+
ions at the bottom pole of the particle increases with an
increase in pH at relatively low pH, attains the maximum at a
critical pH, and then decreases as pH further increases. Because
the charge density is inversely proportional to the local
concentration of H+ ions, the surface charge densities of the
particle in the interaction region decrease as pH increases and
attain the minimum at the critical pH value after which they
increase as pH further increases.
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5. CONCLUSIONS
Surface charge properties of interacting silica nanoparticle and
plate are theoretically investigated as functions of pH,
background salt concentration, and the degree of their
interaction. The model considers multiple ionic species, charge
regulation on the interaction objects, and double layer overlap.
The Stern layer eﬀects are not considered in the current study.
Without interaction, the surface charge density is homogeneous. However, the charge densities become spatially
nonuniform, and the magnitude of the surface charge density
in the interaction region is signiﬁcantly reduced when the
double layers are overlapped. Under strong interaction, the
surface charge density in the interaction region is only about
50% of the bulk value. Because the degree of interaction
increases as the ratio of the separation distance to the EDL
thickness, κh, decreases, the deviation from constant charge
densities for two interacting objects increases as κh decreases.
In the interaction region, the normalized surface charge
densities of the particle and the plate decrease as pH increases,
attain a minimum value at a critical pH value, and then increase
with further increase in pH. This arises from the competition of
the following two mechanisms: (1) bulk concentration of H+
ions decreases as pH increases, yielding to a decrease in the
surface concentration of H+ ions; and (2) the negative surface
charge density increases with an increase in pH, which attracts
more counterions accumulated inside the EDLs. When more
K+ ions are accumulated than the H+ ions, the enriched K+ ions
also deplete the H+ ions. The results demonstrate that the
assumption of constant surface charge density of two
interacting objects is invalid under strong EDL interactions
between the particle and the surfaces in the range of κh ≤ 1.
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